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The purpose of this note is to present new evidence of diame-
ter-dependent dispersion in solute flowing through packed cyl-
inders. Hydrodynamic dispersion was simulated at the pore
scale in cylinders packed with spheres of diameter d, with cyl-
inder radii ranging from R = 5d to R = 25d. The time-depend-
ent, axial dispersion coefficient, D, (), was plotted for different
cylinder radii. These plots cross over, implying diameter-de-
pendent dispersion. Comparisons with periodic sphere packs
suggest the cylinder wall introduces new scales of length and
time for dispersion. These results were obtained from three-
dimensional, pore-scale simulations of flow and transport in
packed cylinders. The simulations are computationally
demanding and we have been limited to relatively short dura-
tions. However, we were recently able to extend the duration
enough to reveal the cross-over dynamics. We begin by
describing the background for the new results.

Taylor dispersion' of a solute flowing in a tube illustrates
the phenomenon of diameter-dependent dispersion. Taylor
observed that radial variation in fluid velocity leads to an
axial dispersion coefficient greater than the bulk molecular
diffusivity, D), of the solute, and he showed that this coeffi-
cient develops over a time and distance that depend on the
tube diameter and average velocity, v. Indeed, this result is
general for arbitrary velocity profiles, as shown by Aris.?
The packed column is similar, but requires the additional
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consideration of the characteristic length scale of the porous
medium.

It is generally accepted that the asymptotic axial dispersion
coefficient in a packed cylinder depends on the ratio of cylin-
der diameter to particle diameter, 5 = 2R/d because of near-
wall packing effects on the velocity profile. Delgado’
reviews experimental investigations, dating to at least 1958,
that discuss the effects of radial variations in porosity and
velocity on dispersion. However, the consensus among these
investigations is that dispersion is independent of the ratio
for f > k, where k is a number in the range from 10 to 15.
Gunn, for example, makes a case for diameter independence
based on a mathematical model* and earlier experimental
results.’

De Ligny® was perhaps the first to propose a correlation
for the dispersion coefficient that explicitly accounts for both
particle and cylinder diameters. The correlation predicts the
effective dispersion coefficient in a packed cylinder from
these two parameters and from the effective radial dispersion
coefficient. The radial coefficient is assumed to be only
weakly dependent on f.

A number of authors have developed models of radial varia-
tions in porosity and velocity and used them to predict concen-
tration distributions and mass transfer zones in packed cylinders.
Perhaps the simplest illustration is given by Rudraiah et al.” for
a rectangular packed duct; they assume Brinkman’s equation to
describe the near-wall velocity profile and further assume the
value of a bulk dispersion coefficient that is characteristic of the
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porous medium far from the wall. They predict the effective dis-
persion coefficient depends on duct size and is double that of
the bulk dispersion coefficient in the large size limit. Tobis and
Vonemeyer8 used models of radial variation in packed cylinders
to predict dispersion and found significant diameter dependence
even beyond > 100. Our analysis supports their result.’

In summary, diameter-dependent dispersion has been
observed in experiment only for fairly small values of f,
whereas some numerical studies suggest stronger diameter
dependence. A possible explanation for these differing con-
clusions may be found in the time scale for development of
the dispersion coefficient and how they have been determined
in previous experimental work.

The time scale for asymptotic development of axial disper-
sion in a tube is t ~ R*/D,,, from Taylor dispersion. By anal-
ogy, the time scale for packed cylinders is 1 ~ R*/Dy, where Dy
is the coefficient of transverse dispersion. Kennedy and
Jorgenson'? suggested a similar expression, ¢ ~ R*/yD,;, where
7 is a tortuosity factor. Han et al.'' suggested the time scale,
t~d*/Dyy, but this expression does not allow sufficient time for
solute particles to traverse the cylinder radius and sample the
wall region.

In some experiments, f§ is varied by changing the particle di-
ameter in a column of fixed length, L, and radius. For a given
particle Reynolds number, Re = vp/du, the measurement time
is therefore proportional to d. If D, develops on a R*/D; time
scale, it would be measured at a different stage of development
for each choice of f3. In other experiments, f3 is varied with cyl-
inders of different radius but uniform length. In this case, the
measurement time is equal for each choice of f, but the same
concern would apply. Unless asymptotic dispersion has devel-
oped for each choice of f, one may question how preasymptotic
behavior affects the comparison of different f ratios. Until
recently, it has been difficult to obtain time-dependent dispersion
coefficients to assess the development because it requires multi-
ple sampling locations in a column. During the past decade,
however, new experimental and simulation techniques have
emerged that offer the possibility of determining dispersion at
short time intervals.

Pore-scale simulations model the fluid and solid phases of
a porous medium with geometric fidelity. Flow and transport
are simulated in the fluid phase, yielding detailed three-
dimensional velocity and concentration fields from which
dispersion coefficients may be calculated. No assumptions
about transport coefficients or average properties of the me-
dium are required, except for the coefficients of solvent kine-
matic viscosity and solute molecular diffusion. The pore-
scale simulations described in this note use three numerical
methods.'? The first is a Monte Carlo sphere-packing
algorithm, used to generate three-dimensional random
sphere packings in cylinders. The second method is a lattice-
Boltzmann algorithm for single-phase, isothermal, low Mach-
number flows in the pore spaces of the sphere packing. A
regular grid, or lattice, is superimposed on the sphere pack-
ing and the fluid flow is simulated using only the grid cells
in the pore spaces, with no-slip boundaries at the interfaces.
The third method is a forward Euler implementation of the
stochastic Langevin equation, used to calculate the trajecto-
ries of a large ensemble of tracer particles in the fluid flow
field. (Fluid velocity is interpolated from the grid points to
the individual tracer particles.) The grid cell spacing A is
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selected so the sphere diameter d ~ 25A; this yields accepta-
ble accuracy for flow and transport calculations. The simula-
tions are initiated with a uniform distribution of one tracer
particle per fluid grid cell. For a packed cylinder of radius
R = 25d and length L = 172d, the grid dimensions were
1250 x 1250 x 4294, the porosity of the sphere packing was
40%, and the number of tracer particles was two billion.
Dispersion coefficients are obtained by simple moment calcu-
lations on the ensemble of tracer particle displacements in
the pore-scale flow field. The time-dependent dispersion ten-
sor is defined as D(t) = (1/2)da>/dt, where 2(¢) denotes the
covariance of the solute particle displacements.

Before describing the recent results on cross-over dynam-
ics, we present a summary of earlier results'”> describing
short-time behavior of the dispersion coefficient. In an
unconfined sphere packing (one that has periodic boundaries
in all three dimensions) D;(f) typically becomes asymptotic
by t ~ 10d/v. Simulations of packed cylinders were previ-
ously completed for + = 20d/v, and D,(f) remains preasymp-
totic on this time scale. Initially, D, (¢) increases faster in cyl-
inders of smaller diameter. However, for ¢ > 10d/v, D;(t)
increases faster in cylinders of larger diameter. This implies
a possible cross-over for D, (f) corresponding to cylinders of
different radii.

In the present work, dispersion was simulated in a set of
four cylinders, with radii R = {5d, 6.5d, 12.5d, 25d} and
L =~ 160d with periodic ends. The cylinders were randomly
packed with uniform spheres to a porosity of 40%. A steady
flow solution with Re = 1 was computed in each cylinder
under a uniform pressure gradient. A uniform concentration
of tracer particles was released into the flow and their tra-
jectories were computed according to the stochastic Lange-
vin equation for a time of t+ = 40d/v. This time period is
sufficiently short that the maximum distance traveled by
any tracer particle is <L, preventing any recorrelation with
original position and velocity. The molecular diffusion coef-
ficient was selected to yield a particle Peclet number of Pe
= v(d/Dy) = 476. The spatial moments of the tracer par-
ticles were computed at short intervals and recorded in a
file.

The time-dependent dispersion coefficient D (¢) is shown
in Figure 1 for each packed cylinder. The behavior of the
packed cylinders is clearly preasymptotic. A plot of D, (?) in
an unconfined packing illustrates asymptotic behavior and is
included for comparison.

The packed cylinder plots are all increasing, and the slope
of D, (t) depends on R for ¢t > 10d/v.

The plots of D, vs. ¢ for different cylinder radii cross over. The
plot for R = 6.5d overtakes that of R = 5d at t ~ 20d/v. The plot
for R = 25d overtakes that of R = 12.5d at t =~ 35d/v. The
slopes for R = 6.5d and R = 12.5d are similar, but we expect
the slope for R = 6.5d to moderate sooner and be overtaken
by the plots for R = 12.5d and R = 25d. The expectation is
that after further development, the magnitude of D;(f) would
depend on R. In previous simulations we did not see a cross-over
at t & 20d/v for the same cylinder radii. This suggests that ran-
dom packing variation can affect the slope of D,(f) at short
times. We next describe a technique developed to extrapolate the
pore scale results further in time.

We used a generalization of the Aris model of dispersion
in a tube® to extrapolate the pore-scale simulations to the
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Figure 1. Pore-scale simulation results for dimensionless
axial dispersion vs. dimensionless convective
time in packed cylinders, R = 25d (long solid
curve), R = 12.5d (dash-dot curve), R = 6.5d
(dotted curve), R = 5d (dashed curve), and
unconfined packing (short solid curve), for Pe =
476 (Re =1).

asymptotic time scale. The idea is to use the radial variation
in velocity from the pore-scale simulation in a simplified trans-
port model.® This model solves for the moments of the convec-
tion—diffusion equation in a packed cylinder. The radial compo-
nent of velocity is assumed to be zero. The axial component of
velocity is assumed to vary in the radial coordinate but is uni-
form in the axial coordinate. The radial velocity profile was
computed from each of our pore-scale simulations (see Maier
et al.”'? for examples of such profiles). The model requires spec-
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Figure 2. Pore-scale simulation results for dimension-
less transverse dispersion vs. dimensionless
convective time in packed cylinders, R = 25d
(long solid curve), R = 12.5d (dash-dot curve),
R = 6.5d (dotted curve), R = 5d (dashed curve),
and unconfined packing (short solid curve),
for Pe = 476 (Re = 1).
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Figure 3. Extended Aris model of axial dispersion in
packed cylinders.

(a) Asymptotic time scale, (b) convective timescale, R
25d (long solid curve), R = 12.5d (dash—dot curve), R
6.5d (dotted curve), R = 5d (dashed curve).

ification of a transverse dispersion coefficient and a bulk axial
dispersion coefficient characteristic of the porous medium far
from the wall, which we obtained from the unconfined packing
shown in Figures 1 and 2. Thus, this is a qualitative model of
how the radial velocity profile affects the development of asymp-
totic axial dispersion.

The extrapolations are shown in Figure 3. Figure 3a plots
Dy () on the cylinder time scale. The range is R’/D; = 1 and
therefore represents a different physical time interval for
each cylinder radius. However, on this time scale they each
exhibit the same development toward their respective asymp-
totes. The asymptotic values are attained by ¢ = 0.3(R*/Dy)
and the magnitude of D, (¢) depends on R.

Figure 3b plots dispersion on the convective time scale.
The range is + = 1000d/v and shows the cross-over region.
This range represents the same physical time interval for
each cylinder, but only a fraction of the R*/Dy time scale for
the larger ones. The plot for R = 6.5d overtakes R = 5d at
t =~ 10d/v, compared to t =~ 18d/v from pore-scale simula-
tion. The plot for R = 25d overtakes R = 12.5d at t ~ 15d/
v, compared to t &~ 33d/v from pore-scale simulation. Figure
3b shows a number of other cross-overs beyond the pore-
scale simulation time. A simple linear extrapolation of the
plots in Figure 1 suggests the next cross-over would be R =
25d and R = 5d and, indeed, this is the next cross-over
shown in Figure 3b, at + ~ 60d/v. The last cross-over,
between R = 12.5d and R = 6.5d, occurs at t = 600d/v.

It remains to be explained why previous experiments have
demonstrated no significant diameter dependence for ratios of
B > 15. One possibility is that experimental observation times
correspond to the cross-over region, where diameter depend-
ence is not easily inferred. Consider an experiment where the
cylinder length is seven times the diameter and Dy is obtained
from a breakthrough measurement at the cylinder outlet. In our
simulations, L = 350d is seven times longer than the diameter
of our largest cylinder, R = 25d. The hypothetical break-
through measurements would correspond to ¢t = 350d/v in
Figure 3b, where cross-over dynamics somewhat obscure the
diameter dependence. In Figure 3b, at t = 350d/v, the rank
order of the four cylinders, from highest to lowest dispersion
coefficient, is R = {25d, 6.5d, 12.5d, 5d} with D;(f) = {390,
370, 340, 290}, respectively.
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Chromatographers have long suspected that very narrow cyl-
inders (R < 10d) are more efficient, and both the experimental
and simulation literature tend to support this idea. The pore-scale
simulations suggest that cylinders of larger radius are apt to be
even less efficient as their length is increased. We are extending
these results to a wider range of flow rates, to determine in par-
ticular whether the same conclusions hold for the very low parti-
cle Reynolds number normally used in chromatographic investi-
gations. We also expect to extend the results further in time
with faster computers, as these become available, to simulate
the entire cross-over region.
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